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Abstract. We study ordinary differential equations of the type u^^^t) = f{u{t)) with initial 
conditions u(0) = u'{0) = ■ ■■ = u'^"'^^\0) = and u^™\0) ^ where m > n, no additional 
assumption is made on /. We establish some uniqueness results and show that / is always Holder 
continuous. 



1. Introduction 



The question of finding criteria for the uniqueness of solutions has been a constant theme in the 
study of ordinary differential equations for a very long time, and a wealth of results have been 
established. The most quoted one in textbooks is perhaps the Lipschitz uniqueness theorem, which 
states that in the equation = f{x, y, y', j/^""^-*), if the function f{x, zi,Z2, ...Zn) is Lips- 

chitz continuous with respect to zi, Z2, ■■■Zn, then the initial value problem has a unique local solu- 
tion. Generally speaking, to ensure the uniqueness of solutions to an ODE, we need to assume some 
condition on the function / besides continuity, the Lipschitz condition being one example. Most of 
the research in this topic has been devoted to finding the appropriate condition, and there are many 
nice results such as the classical theorems by Peano, Osgood, Montel-Tonelli, and Nagumo. The 
monograph [HI provides an extensive and systematic treatment of the available results. 

In this paper, we approach the uniqueness problem from a different perspective and relate it to the 
unique continuation problem. We study autonomous DDEs of the type u^^\t) = f {u (t)) where 
u E C°°([0, 1]) and no additional assumption is made on the function /. 

If we assume the initial conditions u(0) = u'{0) = ■ ■ ■ = u^^~^\0) = 0, the solution is not 
unique. The following is a trivial example. 

Example 1. u(t) = satisfies u"{t) = 6u^ and u{0) = u'{0) = 0. Another solution to this initial 
value problem is it = 0. 

It is no surprise that uniqueness fails in this example because the function f{u) = has fairly 
strong singularity at 0. From another perspective, this example shows that if a solution and its 
derivatives up to order tt, — 1 all vanish at 0, it is not guaranteed to be the zero function. On the 
other hand, however, even if all its derivative vanish at 0, the solution still may not be identically 0. 

Example 2. The function 
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^^'^ = I . = 

Then u{t) satisfies the equation 

u = f{u). 

However, this equation has another solution m = 0, which also satisfies ([7]). 

This function u{t) is also a classical example in the study of the unique continuation problem, that 
is, when can we conclude that a function is locally identically zero if its derivatives all vanish at a 
point. One result along this line is given in 131 . 

Theorem 1.1. fSj Let g{x) G C°°([a, b]), G [a, b], and 

(2) l^^'^n^)l<C^E^i#' ^^K^] 

fc=0 ' ' 

for some constant C and some n > 1. Then 

^W(0) = VA;>0 

implies 

g = on [a, b] 

The order of singularity of \x\ at in i.e. n — A;, is sharp, as one example in [[3l shows. This 
theorem is crucial to the proof of our main theorem below. 

The previous two examples suggest that to guarantee uniqueness near 0, the solution needs to 
vanish to sufficiently high order, but not to the infinite order. So we assume that it satisfies the 
initial conditions w(0) = m'(0) = ■ ■ ■ = ^("^^^^(O) = and u^"^\0) = a ^ 0, where m > n. 
That is, the order of the lowest non-vanishing derivative of w at is no less than the order of the 
equation. From the equation it is not difficult to see that / is differentiable away from 0, however, 
it is not differentiable at 0, as shown by Example 1 with m = 3. 

Due to the lack of information about the regularity of /, the available uniqueness theory no longer 
applies to this type of equations. We will show that because u has sufficiently high vanishing order 
at 0, such solutions are unique near 0. Specifically, we have the following result. 

Theorem 1.2. Let u{t) G C°°([0, 1)) be a solution of the differential equation 

(3) «(")(t) = /(«(t)), 
where n > 1 and f is a function. Assume that u satisfies 

(4) m(0) = u'(0) = ■■■ =m("-i)(0) = and u^'^\Q) = a ^ Q 
with m > n. Then such a solution u{t) is unique for t near 0. 

The proof of Theorem ll.2l is carried out in two steps. First, we show the following result concerning 
the derivatives of m at 0. 

Lemma 1.3. Let u{t) be a solution that satisfies Equations ^) and (0). The derivative ofu at of 
any order equal to or higher than m, that is, u^''\0)for any k > m, depends only on m, n, and the 
behavior of the function f near 0. 
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In the second step, suppose there are two solutions u and v, both satisfying ([3]) and dH), then by the 
previous lemma the function u{t) — v{t) and all its derivatives vanish at 0. Making use of Theorem 
11.11 we can show that u — t> = 0. 

Typically, for an n-th order ODE we need only n initial conditions. This theorem shows that in 
some sense, the lack of information about / can be compensated by assuming additional derivative 
information at the initial point. 

Interestingly, it turns out that the solution is unique as long as the vanishing order is no less 
than the order of the equation, but the actual vanishing order and the value of the lowest non-zero 
derivative are not essential. 

Theorem 1.4. Suppose ui and U2 are two solutions of Equation ^ and they satisfy 

(5) Mi(0) = u\{<S) = ■■■ =nS'""'^(0) = 0, «S")(0)=a^O 
and 

(6) W2(0) = ^(0) = ■■■ =4'"^)(0) = 0, ul\<d) = h^Q 
where m,l > n. Then m = I, a = b and Ui = U2for small t. 

The proof of Lemma 11.31 will be given in Section [21 and the proof of Theorems 11.21 and 11.41 will 
be given in Section |3l 

Naturally, we would like to ask if the result still holds if one of the solutions in Theorem 1 1.41 has 
vanishing order lower than n, the order of the equation. We propose the following conjecture. 

Conjecture 1. Suppose Equation has a solution u{t) which satisfies with m > n. Then it 
cannot possess another solution v{t) which satisfies initial conditions 

v{Q) = v'{0) = ■■■ =t;('-i)(0) = and t,«(0) = fe^O, 

where I < n. 

We can show that this conjecture is true if m = n + 1 or / and m are relatively prime. However, 
there are some difficulties in the general case and we have not been able to prove the full conjecture. 

Although in Theorems 11.21 and 1 1 .41 we do not need to make any assumptions about the function 
/, we can actually obtain interesting information about it. Suppose there is a function u{t) which 
satisfies Condition (U), then as shown in Section [2l locally t can be expressed as a function of u, 
therefore we can express u^'^\t) locally as a function / of u, so u^^\t) = f{u). The next theorem 
shows that the function / is Holder continuous in an interval [0, 6] for small 6 > 0. 

Theorem 1.5. Suppose a function u{t) satisfies Condition 0), then Equation di]) holds for some 
function f where m > n, and there is a constant d > such that f is uniformly Holder continuous 
in the interval [0,6]. 

This theorem is proved after Theorem 1 1.41 in Section |3l 

A summary of Theorems 11.21 and 1 1 . 5 1 is that any smooth function of finite order vanishing at is 
a unique local solution of a differential equation in the form of (|3]), where / is differentiable in the 
interior and uniformly Holder continuous up to the boundary. 
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In Theorems 11.21 and 11.41 the high order vanishing condition dH) allows us to obtain uniqueness 
results without any extra assumption on /. This phenomenon is only found in autonomous equa- 
tions like dl]). For general ODEs of the form ^ = / (^,u,^, j , such results cannot be 
expected because there is more than one expression for /. For example, 

Example 3. Let u{t) = t^. It satisfies the initial conditions 

u{0) = u'{0) = u"{0) = u^^\0) = and m(^^(0) = 24. 

Its derivatives are 

u\t) = 4t^ and u"{t) = 12f. 
We can express u" as a function fofu and u' in different ways such as 

/// X 192^2 

or 
or 



u"{t) = 12 ( ]uu' 



4 



or 

1 



u"{t) = 12ui \^^u' 

In the first two equations / is not continuous at the origin, while in the last two equations / is 
Holder continuous at the origin. This simple example shows that the function / can be expressed in 
various ways and that in order to study the uniqueness we need to impose very specific assumptions 
on/. 

Our work was motivated by in which Li and Nirenberg studied a similar second order PDF: 
An = f{u), where u = u{t, x) G C°°(R'^+^) has a non-vanishing partial derivative at which can 
be expressed in the form u{t, x) = at"" + 0(1"^^^), a ^ 0, t e K and x G R^. They showed that 
if two solutions u and v satisfy u > v, then u = v. Theorem 1 1.21 can be viewed as an improvement 
of their result in the one-dimensional case to arbitrary order and without the comparison condition 
u > V. 



2. The Proof OF Lemma [TT3] 
Without loss of generality, we can assume that a > 0. 

• First, we show that a, the m-th derivative of u at 0, only depends on m, n, and the function 



Define 

(7) X 
Then 



1 



X 



+ = t{l + 0{t)). 
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This implies that 

(8) - -> 1 as t ^ 0. 

t 

We can also write u = ax"^. Taking the derivative with respect to t, we get 

du ~m-\ dx 

— = amx — 
at at 

(iT 

amf^-^ + Oif) = amx""-^ — 
t""-^ ^ / t™ \ dx 



x"^-^ yx""-^ J dt 

In the second equation above and in the analysis that follows, we formally differentiate the Taylor 
expansion with the big-0 notation. A detailed discussion of this differentiation is provided in the 
Appendix. 

In light of ([8]), it follows that 

(9) f |,.„ = 1. 

dt 

By the Inverse Function Theorem, t can be expressed as a function oix: t = x + O (x^) . Then 
Similarly, t^-'^+i = (1 + O (x)) . Thus 



f{u) = n(^) 

= am{m - 1) ■ ■ ■ (m - n + 1)^"" + O 
= am{m - 1) ■ ■ ■ {m - n + + O 



vn — n 



= amym — 1) ■ ■ ■ (m — n + 1) ^— j + O j by Equation ((TJ) 

(10) = a"^m[m — 1) ■ ■ ■ [m — n + l)u +C'('U 1 

Therefore, 

(11) a"* = hm ^T^. 

u^o jyi(jfi _!)... (jfi — n + l)u m 

This shows that a is completely determined by m, n, and the behavior of the function / near 0. 

• Next, we show that the (m + l)-th derivative of m at also only depends on m, n, and /. 
Write u as 

(12) u{t) = at"" + a^+ir+i + 0(r+2). 
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We will show that Um+i only depends on m, n, and the behavior of / at 0. 
Express t as 



(13) 



t = X + b2x'^ + O (x^) . 



We would like to obtain an expression for 62 in terms of the derivatives of u at 0. To do this, we 
take the derivative with respect to t on both sides of ^ ■ || = 1. By the Product Rule and Chain 
Rule, we have 



d f dx 
dt \dt 

d^x dt 

1^ 



dt dx d f dt 
dx dt dt \dx 



dx 

dx dt 



(14) 



We would like to evaluate Equation (|T4l) at t = 0. 
From 



d'^t dx 
dx'^ dt 

dH 



d^x dt dx\^ 
df^ dx \dt J dx'^ 









X 



r + + o 

a ^ 



l + ^t + 0(t^ 
a 

i+ir^^t+o(t^))+i. 1(1-1 



t+^t^ + 0{t^) 



ma 



we know that 



(15) 

From (fT3l) we know that 



d^x 
1^ 



2a. 



dt _ 
dx 



\t=o 



and 



m+l 



ma 



dx"^ 



^t + 0{t'')) +Oit') 



2bo 



Thus if we evaluate Equation (fT4l) at t = 0, we get 



ma 



1 + 1 ■ 262 = 0, 



therefore 



(16) 

Now, from Equation (fT3]) we have 



ma 
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Similarly 



" [1 + (m - n) (62^ + O + O (x^)] 

~m-n + _ nj^sX^-^+l + O . 



j.m—n+1 -m— ri+1 



X 



+ (m - n + 1)625"*-"+^ + O {5:"+^) . 



±m—n+2 



Then from Equation (fT2l) and the above expressions for the powers of t, we have 



u 



(n) 



am{m - 1) ■ • ■ (m - n + 

+a^+i(m + l)m ■ ■ ■ (m - n + 2)^-"+^ + O (^""+2) 
= am(m - 1) ■ ■ ■ (m - n + 1) [i™'" + (m - n)62x"^-"+^ + O (^^-^^^jj 
+a^+i(m + l)m ■ ■ ■ (m - n + 2) + (m - n + 1)625™""+^ + O 

= am{m — 1) ■ ■ ■ (m — n + 

+ [am(m - 1) ■ ■ ■ (m - n)62 + a.m+i{m + l)m ■ ■ ■ (m - n + 2)] + O 

Thus by f{u) = m*^"^ and ([7]), we have 



f{u) = am{m — 1) ■ ■ ■ (m — n + l)x^ 



+ 



am{m — 1) ■ ■ ■ (m — 72)62 + flm+i("^ + 1)"^ ■ ■ ■ (m — n + 2) 



am{m — 1) ■ ■ ■ (m — n + 1) ( — 



+ 



am^rri — 1) ■ ■ ■ (m — n)62 + 0^+1 ("^ + 1)?^ ■ ■ ■ (m — n + 2) ^— j 



-0 1 1 

.a 



m — n-\-2 



a-^mym — 1) ■ ■ ■ [m — n + l)u' 



+ 



a ™ m{m — 1) ■ • ■ (m — n)fe2 + *" Om+i("^ + 1)"^ ■ ■ ■ (m — n + 2) 

/ m-n+2 \ 

+0 {u^^\ 



u 



This means that 



n— 1 n — m—l 

a m(m — 1) ■ ■ ■ (m — n)02 + a am+i("^ + 1)"^ ■ 
/(m) — a™m(m — 1) • • ■ (m — n + 



(m — n + 2) 



lim 



m — rL-\-l 
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By (fT6l ). this can be written as 

a~^m(m — 1) ■ ■ ■ (m — n) ( — ^'"^^ ) + a ™^ am+i(m + l)m ■ ■ ■ (m — n + 2) 

V ma / 

~ a^mim — l)---{m — n + l)u~^ 
= lim 7^:^^ . 

After collecting similar terms, we get 

ttra+ia ^1 [(m + l)m ■ ■ ■ (m — n + 2) — (m — l)(m — 2) ■ ■ ■ (m — n)] 

/(tt) — a^mim — 1) ■ ■ ■ (m — n + 
= lim ;;73t;+7 ■ 

"^■0 u — — 

Consequently, 



(17) a-m+i 



m-n+i / /(m) — a^mfm — 1) ■ ■ ■ (m — n + 
a ™ ■ lim ;;7r;7+7 

(m + l)m • ■ ■ (m — n + 2) — (m — l)(m — 2) ■ ■ ■ (m — n) 



Since we have proved that a only depends on m, n, and /, Equation (flTI) shows that am+i is also 
completed determined by m, n, and the behavior of / near 0. By (fT6l) . this also shows that 62 
depends only on m, n, and /. 

• Then, we will use mathematical induction to show that all the derivatives of m at of order 
higher than m are completely determined by m, n, and /. 

Express u and t as 

(18) uit) = ar + a„+ir+i + • • • + a^+,r+'= + am+k+ir^'^' + o , 



(19) t = x + 62^' + ■ ■ ■ + bk+ix''^' + bk+2i''^^ + O (£^+3) 

Suppose that for k > 1, a, am+i, cim+k, ^2,---, b^+i are all determined only by by m, n, and /, 
we will show that Om+fc+i and bk+2 also are determined only by by m, n, and /. 

We start by obtaining an expression for bk+2 in terms of Om+i, a-m+k and a^+k+i- 

Taking the derivative with respect to t on both sides of (fT4l) . we obtain 



(Px dt d?x f (Pt dx\ ^ dx d'^x d'^t / dx\'^ f d^t dx\ 

dt^ dx dt"^ \ dx"^ dt J dt dt"^ dx^ \dt J \ dx^ dt J 

d^x dt g dx d^x d^t f dx\^ d^t 

dt^ dx dt dt^ dx"^ \dt J dx^ 



Taking the derivative of both sides of (|20l) . we get 
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d'^x (It d^x d'^t dx\ ( d^x d^x dH dx d^x d'^t 



df^ dx dt^ dx"^ dt / \ dt"^ dt"^ dx'^ dt dt^ dx"^ 
dx d^x d^t dx\ ( f dx\^ d'^x dH fdx^^ 




dt dt'^ dx^ dt j \ \dt J dt'^ dx^ \ dt 

^ d'^x dt ^ d^x dx d'^t ^ d'^x d'^x d'^t 

dt^ dx dt^ dt dx"^ dt"^ dt'^ dxP' 
/dxV d'^x dH / dx\'^ dH 
^ [lE ) ' 1]^ ' di^ ^ [lU ) ' dS^ 



If we keep taking the derivative with respect to t for k times and collect the similar terms after each 
differentiation as shown above, eventually we will arrive at an expression of the form 



d''+^x dt f . , . d'^x dx dt dH d^+H 

fd~xV^^ d^+H 



From (fT9l) we know that 



dt I 

t=o 



1 



dx 

dH. _ ^, 



(23) 



(k + iy.bk+i 



d^+H 
d'^^H 



Then we look at §\t=o, - , ^d0^\t=o, and ^^|t=o- 



10 YIFEI PAN, MEI WANG, AND YU YAN 

By definition dV]) and Equation (fTSi) . 

„-im _|_ „ i-m+1 I „ j.m+2 i i „ j.m+k i „ j.m+fc+1 i /O /'j.m+A;+2'\ 

ai -\- Um+lC -r -t- ■ ■ ■ -t- "m+fct + "m+fc+lf^ -|- I T 1 

X — ■ 



t f 1 + + + ■■■ + + 'h!^±h±lt^+^ + o (t^^^) 

\ a a a a 



t< 1 + 



m 

1 1/1 



a a 



+ - -1 

I_J_.l.fi-iV..fi_, 

(k + I)! m \m y \m 



a a a a 



1 2 



a a a 



fc+1 



After collecting similar terms we can write 

(24) X = t + X,t' + Aat^ + ■ ■ ■ + A.+it'^+i + (^^^^ + A.+s) + O {t'+') 

\ ma / 



where 



A2 is a constant involving m, a, and dm+i 

A3 is a constant involving m, a, a^+i and ajn+2 



• Afc+i is a constant involving m, a, a^+i, am+k-i, dm+k 

• Xk+2 is a constant involving m, a, a^+i, a^+fc-i, a„+fc 

By the inductive hypothesis, A2, A3, ...Xk+i, Xk+2 are all constants that only depend on m, n, and 
the function /. 



From Equation (|24l) we obtain 



dx , 



|i=0 



\t=0 



(25) 



1 

2A2 



-^\t=o = (fc + l)!A.+i 



|i=o = (A: + 2)! 



dm+k+l 



ma 



+ X 



k+2 



Now we evaluate (l22l) at t = and make use of (|23l) and (|25l) : 
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= (A: + 2)! f^m^lh+l + • 1 + fterms involving 62, h+i, X2, A^+i) + 1 • (A: + 2)\bk+2. 

\ ma / V / 

Thus we obtain 

(26) bk+2 = \- Q, 

ma 

where Q is a constant depending on 62, bk+i, A2, A^+i, Afc+2, hence Q is completely deter- 
mined by m, n, and /. 



Next we will analyze am+k+i- From (1191 ) we have 



" (1 + 62^ + ■ ■ ■ + bk+ix' + 6^+2^'+' + O (£'=+2)]'" " 

= + (m - [b2X + ■■■ + bk+ix^ + bk+2X^+' + O 

(m - n)(m - n - 1) p, ^ , -i- , ^/~/r+2M2 

+ ^ [b2X + ■■■ + bk+ix^ + bk+2X^+^ + O + • • • 

(m - n)(m - n - 1) • ■ ■ (m - n - A;) p, ^ , ^. , ^,,,1 ^/^A-4-2Mfc+i 

+^ + [^2^; + ■ ■ ■ + fefc+ix'^ + 6fc+2a^'+' + O 

+0 } 

After collecting similar terms we can express t'""" as 

t X s 1 -|- C\ rn—nX ~\~ C2 m—nX ~l~ ' ' ' ~l~ m—nX 



+ [{m - n)bk+2 + Ck+i,^-n] x^^^ + O |, 



where ci^m-n is a constant depending on m and 62; C2,m-n is a constant depending on m, &2 and 
63; ... ; Ck,m-n is a constant depending on m, 62, Ck+i,m-n is a constant depending on 

m,62,---,&fc+i- 



By the inductive hypothesis, Ci^m_„, C2,m-n, •••,Cfc_m-n and Cfc+i^m_„ are all determined only by 
m, n, and /. Thus we have 

j.m-n _ ~m-n , ~m-n+l _i_ „ ~m-n+2 i . . . i „ ~m-n+fc 

(27) + [(m - n)6fc+2 + Cfc+i,^_„] S^-^+'^+i + O , 

where Ci,„_„, C2,m-n, Cfc,m-n and Cfc+i,,„_„ are constants depending on m, n, and /. 
By the same type of analysis we obtain similar expressions for the other powers of t: 



±m-n+l ~m— n+1 i ~m— n+2 _i_ ~m-?i+3 i i ~m— n+fc+1 

(28) + [(m - n + 1)6^+2 + Cfc+i,„-„+i] £--"+'=+2 ^ ^ (5.— ^ 
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where Ci,„_„+i, C2,m-„+i, Cfc,„_„+i and Cfc+i,m-n+i are constants depending on m, n, and /. 

.m-n+2 _ ~m.-n+2 , ~m~n+3 , ~m-n+4 , , ~m-n+k+2 

t' — X -f- Ci^m-n+2X "I" C2,m-n+2'i' "I" ■ ' ■ "I" Ck^m-n+2X 

(29) + [(m - n + 2)6^+2 + Cfc+l,m-n+2] X™" "+'^+3 ^ (~m-n+fc+4^) ^ 

where Ci,„_„+2, C2,m-n+2, Ck,m~n+2 and Cfc+i,m-n+2 are constants depending on m, n, and /. 



j.m—n+k ~m—n+k , ~m— n+fc+1 i ~m— n+fc+2 , , ~m—n+2k 



(30) + [(m - n + k)hu+2 + Cfe+i,„_„+fe] + q (x'"-+2fc+2) ^ 

where Ci,m_„+fc, C2,m-n+k, Ck,m-n+k and Cfc+i,m_„+fc are constants depending on m, n, and /. 



j.m—n+k+1 ~m— n+fc+1 , ~m-n+k+2 

^ ~r '-l^m—n+k+lX 

j_„ ~m-n+fc+3 I I ~m-n+2k+l 

~r'^2,rn-n+k+lX "t" ■ ■ ■ "t" Cfc,m-n+fc+lJ^ 

(31) +[^rn-n + k + l)bk+2 + Ck+l,m^n+k+l] £™-"+2fc+2 ^ Q (~r„-„+2/c+3) 



where Ci^rn-n+k+i, C2,m-n+k+i, Cfc,m-n+fc+i and Ck+i,rn-n+k+i arc constants depending on m, n, 
and /. 



(32) ^m-n+k+2 ^ Q ^~m-n+fc+2j 



From (fT8l) we obtain 



= am(m - 1) ■ ■ ■ (m - n + 1)^""" + a„+i (m + l)m ■ ■ ■ (m - n + 2)^""+^ 
+ ■ ■ ■ + a„+fc(m + A;)(m + A; - 1) ■ • • (m - n + A; + l)t'"-"+'= 
+am+k+i{m + k + l){m + k)---{m-n + k + 2)^-"+'^+! + O (^-"+^+2) 
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Then by (|271) to (|32l ) we can write 

= am{m - 1) ■ ■ ■ (m - n + 1) ji™"" + Ci„x"^^ + C2,™_nX"~"+2 + • • • 

+a^+i(m + l)m ■ ■ ■ (m - n + 2)|£'"-"+i + ci,„_„+ix™-"+2 + C2,^-„+ix"^-"+=^ 

+0 I + . . . 

+a^+k{m + k){m + k-l)---{m + k-n + + ci„+fcx'"'"+'^+^ 

_l_ ~m-n+A;+2 , , ~m-n+2k , 

~m—n+2k+l i /O / ~Tn—n+2k+2 



[im-n + k)bk+2 + Ck+i,m^n+k] £—"+2^+1 + O ( 
+am+k+iim + k + l)(m + A;) ■ ■ ■ (m + A; - n + 2)|x™-"+'=+i + 

~m-n+A;+2 i ~m-n+fc+3 i i ~m—n+2k+l 

+ [(m - n + A; + 1)6^+2 + Ck+l,^-n+k+l] 5— "+2^+^ ^ ^ (~m-n+2/c+3^ | 

+0 (£'"-'^+'=+2^ 

am(m - 1) • ■ ■ (m - n + + C (m, a, a^+i, Ci,m_„) x"'""^^ 

-|-C (?T?,, O, tt^n+li •■•1 ^m+ki Ck,m—ni Cfc— l,m— n+1; •■•) Ci^m— n+fe— l) 



^m— n+fc+1 



+ am{m - 1) ■ • • (m - 72)6^+2 + CLm+k+iirn + k + l){m + k) ■ ■ ■ {m + k - n + 2) 

~\~C {rn^ (2, Q-m+l, QijYi+k^ (^k+l,m—ni Cfc,m— n+l; •■•) ^l,m—n+k") 

Here C (m, a, 0^+1, ci ^-n) is a constant depending on m, a, a^+i and Ci ^-n; we denote it as 
Pm-n+i to simplify notations. Since a, am+i and ci,m-n only depend on m, n, and /, we know that 
Pm-n+i only depends on m, n, and /. 

Similarly, the other constants C (m, a, a^+i, 0^+2, ci,m_n+i, C2,m-„) , , and 

C (m, a, a^+i, a^+fc, Cfc+i,m_„, Cfc,r«-n+i, ci^m-n+k) all depend only on m, n, and /, and can 
be denoted simply as Prn-n+2,--, Pm-n+k, and Pm-n+k+i- Thus we can rewrite the above equation 
as 



u 



(n) 



am{m — 1) ■ ■ ■ {m — n + l)x^' 



_|_ ri , z.m-n+1 , 



n ~m-n+2 , 

Pm-n+2'i- "T 



am{m — 1) • ■ ■ (m — n)bk+2 + cim+k+i{fn + k + l){'m + k) ■ ■ ■ {m + k — n + 2) 



(33) 



'm— n+fc+1 



^m— n+fc+1 



^m-n+A;+2 



) 
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Now because of w^"^ = f{u) and definition ^ , we have 



m — n m — n-j-l 

f{u) = am{m - 1) ■ ■ ■ (m - n + 1) j " + Pm-n+i (^^) + 



u 

Pm-n+2 I — 



m — n + 2 



u 

+ ■ ■ ■ + Pm-n+k I ~ 



m — n + fc 



+ 



am{m - 1) ■ ■ ■ (m - n)hk+2 + am+fc+i("^ + /c + l)(m + /c) ■ ■ ■ (m + A; - n + 2) 

m — n + fc + 1 

/'UN 

'^Pm—n+k+l 



+ 0[u 

Due to ([26] ). we can rewrite tlie above equation as 



m — n + fc + 2 



f{u) = am{m — 1) • ■ ■ (m — n + 1) 



u 



+ p, 



m—n+l 



U 



+ 



Pm-n+2 



U 



H VPra —n+k 



U 



+ 



+ < 



(m + A; + l)(m + /c) ■ ■ ■ (m + /c — n + 2) — (m — l)(m — 2) ■ ■ ■ (m — n) 



m — 7i-|-fc + 2 



(34) +am{m - 1) ■ ■ ■ (m - n)(5 + pm-n+k+i 
From (l34l) we get 

m + k + l){m + k) ■ ■ ■ {m + k — n + 2) — [m — l){m — 2) ■ ■ ■ [m — n) ttm+k+i 
+am{m - 1) ■ ■ ■ (m - n)Q + Pm-n+k+i 

m—n m—n+l 

, f{u)-am---{m-n+l)[l) ^ -■ 



lim 

u-)-0 



Pm—n+k (^) 



k a / 



m — n + fc~f 1 



Note that (m + A; + l)(m + A;) ■ ■ ■ (m + A; — n + 2) — (m — l)(m — 2) ■ ■ ■ (m — n) 7^ 0, then since the 
constants Q, a^Pm-n+i-, ■■■iPm-n+k+i all depend only on m, n, and /, we know that a.m+k+i only 
depends on m, n, and /. Consequently, hk^2 also only depends on m, and / because of (|26|) . 

Therefore, by mathematical induction, all derivatives of / at are determined completely by m, n, 
and /. This completes the proof of Lemma [L3l 



3. The Proofs of Theorems [lHO] and [O] 

Theorem O 

Proof: Suppose there are two solutions u{t) and v{t), both satisfy Equations Q and dU. By Lemma 
ll.3[ at t = 0, u and v have the same derivative of any order. Let w = u — v, then 

w^^^(O) = for any integer A; > 0. 

In order to apply Theorem ll.il we need to show that w satisfies Condition Q. 
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^W(t) = u^-\t) - v^-\t) = f{u{t))-f{v{t)) 
Without loss of generality we assume a > 0. By Equation (flOl ). we can write 



(35) 
and 



f{u)= a"^m{m — 1) ■ ■ ■ {m — n + l)u ™ + a{u) 



j[v) = amm['m — 1) ■ ■ ■ [m — n + l)v ^ + a[v) 
where a is a function with the order 



a(s) = O { s 



m — n + 1 



So we can write 



(36) 



w^^\t) = a"^m{m — 1) ■ ■ • (m — n + 1) ( m ^ — t> ™ ) + {a{u) — a{v)) 



m—n m—n 



If m = n, then 

a^m{m — 1) ■ ■ ■ (m — n + 1) ( -u 

If m > n, by the Mean Value Theorem 
(37) 



m—n m—n 
m — y m 



m—n m—n 
U m — y m 



m — n n_ 
< C "^\u — v\ 



m 



where ({t) is between u{t) and v{t). Since u{t) = at"^ + O (t'"+^) and v{t) = af^ + O (t'"+^), we 
know that C{t) = at"" + O (f^+^j, which implies 

= a^e{i + o{t)) > ce 

for some constant C > when t is sufficiently small. Thus 

._iL, , ^ ^_-| \u — v\ 

Q ^^\u — v\ < C 

and by equation (l37l) we know that 
(38) a^m{m — 1) ■ ■ ■ (m — n + 1) 



m—n m—n 



< c 



\u — v\ 



for another constant C > 0. 
Next, we estimate \a{u) — a{v)\. 

From Equation ([3]), we know that / is differentiable with respect to t, since m*^"^ (t) is differentiable 
with respect to t. Condition (H)) shows that ^(t) 7^ when t > is sufficiently small. Then by the 
Inverse Function Theorem, t is differentiable with respect to u. Thus, when u is small and positive, 
/ is differentiable with respect to u and 

df _ df dt 
du dt du 

Then by Equation (|35l) , since / is differentiable on a small interval (0, 5), a is also differentiable 
on a small interval (0, 5). By the Mean Value Theorem 



a{u) — a{y) = a'{vi){u — v) 
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where r]{t) is between u{t) and v{t). Because u{t) = at"" + O and v{t) = af^ + O 

we know that r]{t) = af^ + O > Ct™ when t is small, thus 

r^-^ = O . 
From a{s) = O ^s*" j we get a'(s) = O (^^^^^ ■ Therefore 

Thus for some C > 

|a(M)-a(t;)| < Cr^"-^) |u - ^^1 
(39) < Cr"|w - t;| since < t < 1 

Combining Equations (l36l) . (|381) . and (|39l) . we conclude 

Finally, extend the domain of w{t) to [—1, 1] by defining w{t) = w{—t) when — 1 < t < 0. Then 
w E C°^([— 1, 1]) and it satisfies Condition Q. By Theorem ll.li w = 0, which means u = v. 
This completes the proof of Theorem 1 1.2[ 

□ 

Theorem O 

Proof: Without loss of generality we assume a > 0. We apply the same analysis as in the proof of 
Lemma [T3] to ui and U2, respectively. Similar to (fTTI) we have 

IM /W 



m{m - 1) • • ■ (m - n + l)u^ ^ "^("^ - 1) ■ ■ ■ (m - n + l)s - 

and 

br = lim ^ = lim M ^. 

-2-0 /(/_ 1) ...(/_ ^ + /(/ - 1) . . . (/ - n + l)s^ 

Suppose m ^ I, without loss of generality we assume m < I. Dividing the two equations, we get 

n ri_ 1(1 ' ' ' (I 71/ ~\~ l — n m — n 

a^b ' = — lim s ' 

mym — 1) ■ ■ ■ [m — n + 1) s->o 

/(/- 1) ■■■(/-«+ 1) , n_n 

— lims'" 



m{m — 1) ■ ■ ■ (m — n + 1) s-j-o 
Since m < I, lim = 0. However, a^b^T ^ 0. This is a contradiction. 

s-i>0 

Therefore m = I, consequently a = b. Then by Theorem 1 1.21 we know that ui = U2 for small t. 



□ 



Theorem [Lll 

Proof: : The proof of Lemma 11.31 show s that near 0, t is a function of u, therefore u^'^\t) can be 
expressed as a function / of u. Thus Equation ([3]) holds when t > is small. From Condition dH) 
we define /(O) = 0. 
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By the first two equations in (flOl) and the discussions in Appendix |Al we know that there is a 
function h which is on the closed interval [0, e] for some e > 0, such that 

f{u) = am{m - 1) ■ ■ ■ {m - n + l)x'"-" + h (i) x""". 
By definition (|7]) we have 



m — n / 1 \ m — n 



(40) f{u) = am{m - 1) ■ ■ ■ (m - n + 1) (^) + ^ (0 " j 

Since < ^^^^—^ < 1 and < — < 1 , it is well known that and are Holder continuous 
on the closed interval [0, 1] with Holder coefficients ^^^^ and ^, respectively. This implies that the 
first term in (|40|) is Holder continuous on [0, 1]. 

Since h is on [0, e], it is also Holder continuous on [0, e]. Then since the composition of two 
Holder continuous functions is Holder continuous, we know that ^ (^(^) j is Holder continuous 
with respect to w on a closed interval [0, 6] with 6 > 0. Next, because the product of two Holder 
continuous functions is also Holder continuous, we know that h i (^) j ■ (^) is Holder con- 
tinuous. Thus the second term in (|40|) is Holder continuous on [0,6]. 
Therefore, / is Holder continuous on [0, 5] and the theorem is proved. 

□ 

Appendix A. Differentiation of the Taylor Expansion 

We will discuss the regularity of the remainder term in the Taylor expansion of a function that is 
used in the proof of Theorem 1 1.5 1 and the differentiation of the Taylor expansion that is frequently 
used in the proof of Lemma [L3l 

In general, suppose a function g{x) E C'^"'"^ ([a, b]), by the Taylor Theorem we can write 

(41) g{x) = g{a) + g'{a){x - a) + ^^{x - + ■ ■ ■ + ^^^(x - a)'' + h{x){x - a)'' 

2! A;! 

where lim h{x) = 0. An explicit expression for h{x) is 

(42) hix) = ^^^-^{x - a) 
where a < ^ < x. 

From (|4T1) we know that h{x) is on (a, b] . Next we show that it is actually up to the boundary, 

on [a, b]. 

Taking the derivative on both sides of Equation (|4T]), we get 

(43) g'(x) = g'(a) + g"(a) (x-a) + --- + ^ { (x - af-^ + h'ix) {x-af + khix) ix - af-^ . 

[k-iy. 

Define h{a) = 0, so h is continuous on [a, b]. Denote 

P{x) = g{a) + g'{a){x - a) + ^^{x - + ■ ■ ■ + - a)\ 



g{x) - P{x) 
(x — a)^ 
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then 

h{x) 

By the definition of limits, 

h{x) - h{a) 
h ia) = hm 

x^a X — a 

(x — a)^+^ 



^(fc+i)(a) -p('=+i)(a) 
(fcTl)! 



by applying the L' Hospital Rule A; + 1 times 



- (*H-1)!- 
where we have used the fact that P^''^^\a) = 0. 
When X > a. 



dx \ {x — 

{g'{x) — P'{x)) {x — aY — {g{x) — P{x))k{x — a)''"^ 



{x — 

g'{x) - P'{x) _k{g{x) - P{x)) 
(x — a)^ (x — 0)^^+^ 

By repeatedly applying the L'Hospital Rule, we know that 

^^^g'ix)- P'ix) _ ^('=+i)(a) -P('=+i)(a) _ ^('=+i)(a) 

and 

k {g{x) - P{x)) k {g^^+^\a) - P^''+^\a)) kg'^^+^\a) 



lim 



x^a [x-aY+^ {k + l)\ {k + l)\ 

Therefore 



(45) 



x^a ' ' k\ {k + l)\ 



{k + l)\ 

Equations (|44|) and (l45l) show that is on the closed interval [a, 6]. 

Furthermore, we know that for any x G [a, 6], | < C for some constant Ci, thus 

— a)^| < Ci |x — al'^ . 
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Since g{x) E C'^^^ {[a, b]), from (l42l) we know that \h{x)\ < C2 |x — a\ for some constant C2, thus 

\kh{x){x - a)''-^\ < kC2\x-a\'' . 
Therefore, (|43l) can be denoted as 

(46) g\x) = g\a) + g"{a){x - a) H h -rr — Trrix - a)''""^ + O (x - a) 

[K — ij! 

Since the first, second, ... , and (fc — l)-th derivatives of g'{x) at a are g" (a) , g'^^^a) , ... , and g'^^\a), 
respectively. Equation (|46l ) is the Taylor expansion of g'{x) at a to order k — \. 

Usually we denote (|4T]) as 

(47) ^(x) = g{a) + (?'(a)(x - a) + - a)^ + . . . + ^-^(x - 0)^= + O ((x - af+^) . 
This shows that we can formally differentiate ([47]) to get ([461) . 
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